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Abstract

Volumerenderingandisosurficeextractionfrom three-dimensional

scalarelds aremostlybasedn piecavisetrilinearrepresentations.

In regionsof highgeometriccomplexity suchvisualizatiormethods
often exhibit artefacts,dueto trilinear interpolation. In this work,

we presentan iterative fairing methodfor scalar elds interpolat-
ing functionvaluesassociateavith grid pointswhile smoothinghe
contoursinsidethe grid cells basedon variationalprinciples. We

presenta local fairing methodproviding a piecavise bicubic rep-
resentatiorof two-dimensionakcalar elds. Our algorithmgener

alizesto the trivariate caseand can be usedto increasethe reso-
lution of datasetseitherlocally or globally, reducinginterpolation
artefacts. In contrastto Itering methods,our algorithm doesnot
reducegeometricdetail supportedy thedata.

CR Categories: G.1.2[Numerical Analysis]: Approximation—
Approximationof SurfacesandContours;G.1.6[NumericalAnal-
ysis]: Optimization—Constraine@ptimization;l.4.3 [ImagePro-
cessingandComputeVision]: Enhancement—Smoothing

Keywords: ContoursFairing, VariationalModeling.

1 Intro duction

Visualizationof two- andthree-dimensionadcalar elds, like ter
rain modelsand computertomograply images,is mostly based
on bhilinear (trilinear) interpolationof function valuessampledon
regularrectangulahexahedral)grids. Multilinear interpolationis
efciently evaluated,but it often provides contoursof poor qual-
ity dueto lacking smoothnesandincorrecttopologywhenrecon-
structingsmallfeaturessee gure 1. (Contoursdenotdevel curves
f(x;y) = cong: in two-dimensionalscalar elds and isosurfices
f(X;y;2) = cong: in volumedatasets.)Artefactsof thiskind canbe
reducedby gaussianlitering of the discretedataset, but this also
will corruptgeometricdetailsof ne resolution.

Smoothinterpolationusing, for example cubic B-splines,will
provide smoothercontourcomponentsithout attemptingto pre-
sene topologicalfeatures. A smoothscalar eld may still have
mary contourcomponent®f high curvaturethat could be meiged
to largerandsmootheicontours.An approachs neededor fairing
eachindividual contoursuchthatit is consistentwith the discrete
data(locatedat the grid points) and doesnot intersectother con-
tours. Fairing parametriccurvesandsurfacess well known, but in
our casehegeometnyis implicitly de ned andcannotbeprocessed
usingthe sametechniques.

In thepresentvork we attempto overcomethis problemby per
forming an optimizationprocesn the entiredomainof the scalar
eld. Thereforewe minimizethevariationof thescalareld' sgra-
dientalongall individual contours. This gradientde nes the nor
mal vectorof a contourmultiplied with thelocal slopeof thescalar
eld. Minimizing its variationalongthe tangentvector(plane)of a
contourin every pointof thevolumeprovidesarepresentatiowith
smoothercontoursemphasizingegionsof greatslope.

The contentof the paperareorganizedasfollows. In section2,
we summarizerelatedwork. Section3 presentshe theory of our
optimizationmethod,independenof the choiceof basisfunctions.
We develop a concretealgorithmbasedon a bicubic B-splinerep-
resentatiorandlocal fairing with lineartime compleity in section
4. Sections5 and6 provide numericalexamplesandconclusions,
respectiely.

2 Related Work

A variety of differentcontouringschemexist for the reconstruc-
tion of isosurficesfrom piecevisetrilinear scalar elds. Theorigi-
nal marching cubesalgorithm[LorensenandCline 1987]hasbeen
adaptedto hierarchical data representationgWestermanret al.
1999]. Featurelines canbe recognizedn the extractedcontours
[Kobbeltet al. 2001]. Ef cient methodsextract multiple contours
for volumerenderingourposegGerstner2001].

An importantbreakthrougtis theextractionof topologicallycor-
rect isosurficeswith respectto the trilinear interpolant[Nielson
2003]. Topologicalanalysisof scalar elds providescritical points
wherethe topology of contourschangesvhena passinga certain
isovalue[Weberet al. 2003]. Unfortunately the topology of a tri-
linearinterpolants oftendifferentfrom thetopologyof anoriginal
scalar eld prior to discretization.The questionariseshow to nd
thebestreconstructiorof the original shapeconsistentvith thedis-
cretedata.

Imageprocessingechniquedik e anisotropidiffusion[Weickert
1998;Diewaldetal. 2000]arecapableof recognizindocalfeatures,
but they modify the data. Suchapproachearemostly usefulwhen
thedatais contaminatedvith noise.Fairing technique®f this kind
arealsoapplicableto thefairing of geometricshape$Desbrunetal.
1999;Clarenzetal. 2000].

Variational modeling [Welch and Witkin 1992; Hagenet al.
1993] providesa usefultool for fairing individual surfaces.An ef-

cient methodextractingandfairing a singleisosurficeconsistent
with the discretedatahasrecentlybeendescribedNielson et al.
2003]. In the presentwork, we extendthe variationalmethodsto
fairingtheentiresetof contoursn ascalareld. We presengilocal
fairing algorithmblendinglocal estimatesnto a globalrepresenta-
tion, in analogyto a tting methoddevelopedearlierfor scattered
dataapproximatior[Bertrametal. 2003].

3 Variational Modeling of Contours

In thissectionwe rst summarizeelatedwork onvariationalmod-
eling. Then,we introduceour new approactfor fairing contours.
Fairnessis measuredn termsof low curvatureproviding visually
pleasanturvesandsurfaces.We obtainfairnesdby minimizing the
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Figurel: (a)Bilinearinterpolationof aregularly sampledeature;(b) bicubicinterpolationwith local minimizationof thin-plateenegy; (c)

localfairing of contours.

overall cunatureof a geometricshapewithin a prescribedspaceof
basisfunctionsrepresentinghe geometry
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Figure2: Interpolatingparametricsurface.

3.1 Classical Optimization Metho ds

Considera parametricsurface f (s;t) satisfyingsomeinterpolation

constraints
f(sit) = &; (1)

Wherea; areinterpolationvalueswith correspondingarametefo-
cations(s;;t;), see gure 2. The goalis to modify f, suchthat it
minimizessomesmoothnessriterion, like thin-plate enegy, and
satis esabove interpolationconstraintsWe searctthis optimumin
thespacespannedy a certainbasisfor exampleusingB-splines.

In orderto simplify the optimizationprocessyve usetwo setsof
basisfunctions,F andY, whereF containsonebasisfunctionfor
everyinterpolationconstrainandY providestheremainingdegrees
of freedomusedfor fairing. One caneasily constructthesebases
suchthat

fist) = & afi(sh+ & gy st);
i:f;2F ky,2Y
fi(s;it) = dj; and @)
yk(sj;tj) =0

For thefairing processthecoefcients ¢, needo bedetermined,
minimizingacertaincriterion. Notethatthecoefcients a, coincide
with thegiveninterpolationvalues dueto equation(2). As fairness
criterion, oftenthin-plateenegy is minimized:

zz
kfsk? + 2kfgk?® + kfyk®dsdt ! min; (3)

wherefss, f4, andf; denotesecondpartialderivativesof f.
If the normto be minimizedis inducedby a scalarproduct,for
example,
zZZ

<tig>qp= fsOss + 2f40g + fgy dsdt;  (4)

thenthe constraintsﬂic < f;f >= 0 necessanfor optimization
k

provide alinearsystemof equations,
é. G<YiYg> = é. a<fiy,> 8kiy,2Y; (5
ily;2Y i-f;2F

in matrixnotation:Ac = b. Thematrix A is positive de nite andits
rankequalsthe numberof degreesof freedomjY j. The solutionof
this systemprovidesthe remainingcoefcients ¢ representing in
equation(2), minimizing the norm (3) amongall choicesof ¢. Op-
timizationmethodof this kind areknown asvariationalmodeling,
see[WelchandWitkin 1992;Hagenet al. 1993]. An examplefor
thin-plateenegy minimizationis shavn in gure 1(b).

3.2 Fairing Contours

Now, we considera two-dimensionakcalar eld f(x;y) boundto
someinterpolationconstraintsf (x;;y;) = &, asin equation(1). Se-
lectingacertainisovaluea, we wantto fair the correspondingon-
tour line composedf all points(x;y) satisfyingf(x;y) = a. We
note that the following deliberationsalso generalizeto volumes,
wherecontoursaresurfaces.

Supposehat we get hold of a parametricrepresentationf the
contourassociateavith isovaluea, sayg(s) suchthat

f(g(9) = a: (6)

Usingthis parametridorm, fairing the contourcanbe achiezed by
minimizing its secondderivative,

z
kg®P9)k?ds ! min: 7)

In the caseof an arc-lengthparametrizationthis is equialentto

minimizing thevariationng := ;’7—2 of thecontours normalvectorn
alongg(s), seegure 3:
z

kng(s)k?®ds ! min: (8)
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Figure3: Deviation of g?andn areequalin absolutevalue.

To emphasizeegionsof steepgradientin thefairing processwe

replacethe normaln(s) = k—ﬂ% by the gradientN f in equa-

tion (8). Thevariationof this gradienthastwo componentsn N2t
orthogonalo g(s) andkn N<fk parallelto g(s). Hence we have

kﬂlsmf(g(s))k = kn N2fk; 9)
since the derivative g® has unit length (due to arc-length
parametrizationaindis orthogonalo n. The optimizationproblem
for asinglecontourg(s) becomes

z
kn N%fk’ds! min: (10)

Finally, we eliminate the needfor constructingan arc-length
parametrizatiorfor every contourg. Sincewe intend fairing all
contoursof the scalar eld in onesingle processwe needto inte-
grateequation(10) with respecto a, whichis equialentto

zz
kn N?fk?dxdy ! min: (11)

Unfortunatelybothn andNZ2f depencbnthescalareld f, turn-
ing this optimizationprobleminto a non-linearproblemrequiring
an iterative solution. In every iteration of this process,we use
the normalizedgradient eld n(x;y) of the previous estimatefor
f. With the x ednormal eld n= (nl;nz;O)T, our scalarproduct
inducingthe normfor the optimizationprocessecomes

ZZ
(o fix Ny Fy)(NyOxx N1 Oxy)

+H(nyfyy  nyfyy)(naGey  NyGyy) dxdy.

< f.g>p=
g>n (12)

Inserting this norm into equation(5) and solving this systemof
equationgprovidesthe next estimateor f.

The completeiterative algorithm works as follows: First, we
compute f(© using thin-plate enegy minimization basedon the
scalarproduct< ; >p from equation(4). In orderto compute

f(+1 from (), we rst samplethe normalizedgradient eld n()

from . Then,we computef (*1 from the optimizationprocess
using

<fig>= (1 w< f;g> ,+w< fig>p  (13)

wherew is a small numbey say 0:01. We addeda small portion
of thin-plate enegy minimization to increasenumericalstability
(notethatour criterionis fairing all contourswhile ignoring what
isovaluesare associatedvith these). All scalarproductsbetween
basisfunctionsarecomputedy numericalintegration.

4 Local-optimization Algorithm

The methoddevelopedin the previous sectioncan be appliedto
smoothB-splinesurfacesandvolumesproviding additionalmodel-
ing degreescomparedo multilinear interpolation. The remaining
issuesaddresseth thefollowing areconstructinghe based and
Y satisfyingequation(2) andlocalizing the fairing procesgo ob-
tain linearcomputatiortime.

Givenarectangulagrid with associateflinctionvalueswecon-
siderevery inner vertex with its 8-neighborhoodor local fairing.
We createfour bicubic patchesnterpolatingthese2 2 function
values. Finally, the computedpatchesare blendedinto one sin-
gle, piecavise bicubicrepresentationGeneralizatiorio volumesis
straightforward.
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Figure4: B-splinesusedfor localfairing.
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Figure5: Everylocal B-splinesurfaceis de ned by 25 coefcients
(deBoor points)satisfying9 interpolationconstraints.

4.1 Local Fairing

Consideringa 2 2-matrix of scalarvaluesaij, we constructan
interpolatingbicubic B-spline surface composedof four bicubic
patchesThetwo knot vectorsarebothf 0;0;0; 0; 1; 2; 2; 2; 29, pro-
viding interpolationof the four cornervaluesandC2-continuity at
theinnerpatchboundariesThesetof one-dimensionaB-splinesis
illustratedin gure 4. Figure5 depictsthebivariatecase.
Interpolationof the inner scalarvaluesis obtainedby a simple



s2 [0;1)

jold = $ + 38 3 +1
ji(9 = 2:258° 52582  + 3s

jo(9 = 2s3 + 382

INCE 0:75s° 0:75s?

J4(9) = 0
s2[1;2]

Jo(9) = 0
jqs = 0:7583  + 317552 6s +3
INCE 253 92 + 12s 4
ja(s = 2:2553  + 8:2552 9 +3
j a9 = $ 32 +3s 1

Tablel: One-dimensionabasisfunctions.
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Figure 6: Transformed B-splines used for interpolation
(fgs fo f,) andoptimization(f ;; f3).

basistransform:

Jo= Nog

J 1= Ny 05N,

j 2= 2Ny, (14)
J3= N3y 05N,

J 4= Ny

The coefcients of the basisfunctions;j ; depictedin gure 6 are
providedin tablel. Thereademayverify thefollowing properties:

Jo@=1 j(0)=0; i= 1234
Jo(D=1 ji(1H=0 i=07134 (15)
J42=1 j;=0 i=0L23

Thebasisfunctionsusedfor the optimizationprocessaretensor
productsj ;;(sit) = j;(s)j ;(t). ThesetF of interpolatingfunc-
tionsis composef j ij i;j 2 f0;2;49. Theremainingfunctions
provide degreesof freedomfor the optimizationprocessand are
thuselementsof Y. In the bivariatecase,we obtainjFj = 9 and
jYj = 16. (In thetrivariatecasejFj = 27andjYj = 98.)

Usingthebased~ andY, the optimizationprocesgescribedn
section3 is performed. We found that the iterative processcon-
vergesvery fast,suchthattwo or threeiterationsaresufcient. Af-
ter computinglocal representationsf the scalar eld, we needto

blendtheoverlappingB-splinepatchesnto aglobalrepresentation.

4.2 Merging Surface Components

For memging the B-spline surfaceslocatedaroundthe inner grid
points,we transformevery surfaceinto 2 2 BézierpatchesStart-

ing with the surfacerepresentation

4 4
hst)= & & (9 ;v); (16)
i=0j=0
thebasigransformprovidesa7 7-matrixof Bézierpointsde ning
thefour patches.
Consideringonly onerow (column)of coefcients ¢;, therepre-
sentation

4
aci(s; s2[02 ()]
i=0
is transformednto two cubicBéziersggments

11 Qo

bB}9); s2[0;1) and
0

(18)
b,sB(s 1); s2[L2;

1 Qo
<3m“"J

whereBi3 aretheBernsteinpolynomials.
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Figure7: Relationbetweercoefcients c;, deBoor pointsd;, and
Bézierpointsb;.

The relation to the coefcients ¢;, the correspondingle Boor
points d;, and the Bézier points b; is shavn in gure 7. The
two Bézier ssgmentscomposedof the points by; b;;b,;b; and
bg; by; bg; by, areobtainedoy

by = ¢

by = ¢y

b,=c, +0:25¢c;  0:25c,;

by = c,; (19)
b,=c, 025; + 0:25c,;

bg = C3;

bg = c4:

This one-dimensionairansformis appliedto the rows andthento
the columnsproviding the Bézierpointsof thefour patches.

For every innergrid cell, we have four Bézierpatchesomputed
from the local fairing aroundeachof the four cornerpoints. From
thefairing processaroundagrid point p, we keeponly thoseBézier
pointsthat are closerto p thanto ary otherinner grid point, see

gure 8.

The nal representationf thescalareld is now C1-continuous,
sinceonly the rst partial derivatives are continuousacrosspatch
boundaries.C2-continuity is approximatedsincewe meige mul-
tiple overlappingB-splinesurfaces.We notethata B-splinerepre-
sentatiorof the nal scalareld usingdoubleknotsis morememory
efcient thanthe Bézierrepresentation.



Figure8: Grid with 6 5 interpolationpointsand5 4 Bézier
patches.The shadedegionsindicatewhich Bézierpointsarede-
terminedby eachB-splinesurface.

If amultilinearrepresentatioris preferredour algorithmcanbe
usedto increasethe resolutionin regionsof high geometriccom-
plexity. The smoothscalar eld representatiolis thensampledat
a ner resolutionwith respecto the initial data. Hierarchicalrep-
resentationganbe storedin a quadtregoctree),see[Westermann
et al. 1999]. We notethata re ned representationill not carry
moregeometricdetail thanprovided by the dataat its initial reso-
lution. Our objective is remaving geometricdetail which is dueto
interpolationartefacts.

5 Numerical Examples

The examplesin gures 1, 9, and 10 were computedon a PC

equippedvith a1466MHz AMD Athlon ProcessorThecomputa-
tiontimesfor fairinga7 7andal0 10datasetaresummarized
in table2. Theseaxamplesshaw thatthealgorithmis still time con-

suming,despiteof its lineartime compleity. Hence jt maybeused
in apreprocessingtepfor datapreparationOur algorithmis easily

implementedn parallel.

no.vertices 49(25) 100(64)
thin-plate 1.16 2.96
oneiteration 2.60 6.72

Table2: Computatiortimesin seconddor thin-plateenegy mini-
mizationandfor oneiterationof the fairing process.Note thatthe
numberof inner vertices(in braclets) determineshe numberof
local surfacesto becomputed.

Thelocalfairingexamplesn gure 9 suggestfastcorvergence
rate. The global examplesin gures 1 and10 shav the improved
contourswith respecto thebilinearinterpolant.In particular diag-
onalfeaturesarebetterrepresentedfterfairing.

6 Conclusions and Future Work

We presentedh new variationalmodelingmethodfor fairing con-
tours of scalar elds. Despiteof linear time compleity, our al-
gorithm is computationallyexpensve. However, it is easilyim-
plementedn parallelfor processindarge datasets. We have pre-
sentedbivariate examplesfor our technique but we have not yet
exploredits behaior in trivariateapplications.We expectthatthe
proposedechniquewill signi cantly improve volumerenderingof

poorly sampleddata,eliminatingartefaictsdueto trilinear interpo-
lation.
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Figure9: lIterative fairing for two differentlocal situations. (a) Initial thin-plateminimization; (b) rst iteration; (c) secondteration; (d)
resultafterteniterations.
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Figurel0: Circlesampledoy 10 10 points.(a) Bilinear contours;(b) fair contoursaftertwo iterations.



