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Abstract

Volumerenderingandisosurfaceextractionfrom three-dimensional
scalar�elds aremostlybasedonpiecewisetrilinearrepresentations.
In regionsof highgeometriccomplexity suchvisualizationmethods
often exhibit artefacts,dueto trilinear interpolation. In this work,
we presentan iterative fairing methodfor scalar�elds interpolat-
ing functionvaluesassociatedwith grid pointswhile smoothingthe
contoursinsidethe grid cells basedon variationalprinciples. We
presenta local fairing methodproviding a piecewise bicubic rep-
resentationof two-dimensionalscalar�elds. Our algorithmgener-
alizesto the trivariatecaseandcanbe usedto increasethe reso-
lution of datasetseitherlocally or globally, reducinginterpolation
artefacts. In contrastto �ltering methods,our algorithmdoesnot
reducegeometricdetailsupportedby thedata.

CR Categories: G.1.2[NumericalAnalysis]: Approximation—
Approximationof SurfacesandContours;G.1.6[NumericalAnal-
ysis]: Optimization—ConstrainedOptimization;I.4.3 [ImagePro-
cessingandComputerVision]: Enhancement—Smoothing

Keywords: Contours,Fairing,VariationalModeling.

1 Intro duction

Visualizationof two- andthree-dimensionalscalar�elds, like ter-
rain modelsand computertomography images,is mostly based
on bilinear (trilinear) interpolationof function valuessampledon
regular rectangular(hexahedral)grids. Multilinear interpolationis
ef�ciently evaluated,but it often providescontoursof poor qual-
ity dueto lackingsmoothnessandincorrecttopologywhenrecon-
structingsmallfeatures,see�gure 1. (Contoursdenotelevel curves
f (x;y) = const: in two-dimensionalscalar�elds and isosurfaces
f (x;y;z) = const: in volumedatasets.)Artefactsof thiskind canbe
reducedby gaussian�ltering of the discretedataset,but this also
will corruptgeometricdetailsof �ne resolution.

Smoothinterpolationusing, for examplecubic B-splines,will
provide smoothercontourcomponentswithout attemptingto pre-
serve topological features. A smoothscalar�eld may still have
many contourcomponentsof high curvaturethatcouldbemerged
to largerandsmoothercontours.An approachis neededfor fairing
eachindividual contoursuchthat it is consistentwith the discrete
data(locatedat the grid points)anddoesnot intersectothercon-
tours.Fairing parametriccurvesandsurfacesis well known, but in
ourcasethegeometryis implicitly de�nedandcannotbeprocessed
usingthesametechniques.

In thepresentwork weattemptto overcomethisproblemby per-
forming anoptimizationprocesson theentiredomainof thescalar
�eld. Therefore,weminimizethevariationof thescalar�eld' sgra-
dient alongall individual contours.This gradientde�nes the nor-
malvectorof acontourmultipliedwith thelocalslopeof thescalar
�eld. Minimizing its variationalongthetangentvector(plane)of a
contourin everypointof thevolumeprovidesarepresentationwith
smoothercontours,emphasizingregionsof greatslope.

Thecontentsof thepaperareorganizedasfollows. In section2,
we summarizerelatedwork. Section3 presentsthe theoryof our
optimizationmethod,independentof thechoiceof basisfunctions.
We developa concretealgorithmbasedon a bicubicB-splinerep-
resentationandlocal fairing with lineartime complexity in section
4. Sections5 and6 provide numericalexamplesandconclusions,
respectively.

2 Related Work

A varietyof differentcontouringschemesexist for thereconstruc-
tion of isosurfacesfrom piecewisetrilinear scalar�elds. Theorigi-
nal marching cubesalgorithm[LorensenandCline 1987]hasbeen
adaptedto hierarchicaldata representations[Westermannet al.
1999]. Featurelines canbe recognizedin the extractedcontours
[Kobbeltet al. 2001]. Ef�cient methodsextract multiple contours
for volumerenderingpurposes[Gerstner2001].

An importantbreakthroughis theextractionof topologicallycor-
rect isosurfaceswith respectto the trilinear interpolant[Nielson
2003].Topologicalanalysisof scalar�elds providescritical points
wherethe topologyof contourschangeswhena passinga certain
isovalue[Weberet al. 2003]. Unfortunately, the topologyof a tri-
linearinterpolantis oftendifferentfrom thetopologyof anoriginal
scalar�eld prior to discretization.Thequestionariseshow to �nd
thebestreconstructionof theoriginalshapeconsistentwith thedis-
cretedata.

Imageprocessingtechniqueslikeanisotropicdiffusion[Weickert
1998;Diewaldetal.2000]arecapableof recognizinglocalfeatures,
but they modify thedata.Suchapproachesaremostlyusefulwhen
thedatais contaminatedwith noise.Fairing techniquesof thiskind
arealsoapplicableto thefairingof geometricshapes[Desbrunetal.
1999;Clarenzetal. 2000].

Variational modeling [Welch and Witkin 1992; Hagenet al.
1993]providesa usefultool for fairing individual surfaces.An ef-
�cient methodextractingandfairing a singleisosurfaceconsistent
with the discretedatahasrecentlybeendescribed[Nielson et al.
2003]. In the presentwork, we extendthe variationalmethodsto
fairing theentiresetof contoursin ascalar�eld. Wepresenta local
fairing algorithmblendinglocal estimatesinto a globalrepresenta-
tion, in analogyto a �tting methoddevelopedearlierfor scattered
dataapproximation[Bertrametal. 2003].

3 Variational Mo deling of Contours

In thissection,we�rst summarizerelatedwork onvariationalmod-
eling. Then,we introduceour new approachfor fairing contours.
Fairnessis measuredin termsof low curvatureproviding visually
pleasantcurvesandsurfaces.Weobtainfairnessby minimizing the
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Figure1: (a)Bilinear interpolationof a regularlysampledfeature;(b) bicubicinterpolationwith localminimizationof thin-plateenergy; (c)
local fairingof contours.

overall curvatureof ageometricshapewithin aprescribedspaceof
basisfunctionsrepresentingthegeometry.

i

i

s

a

t

f(s,t)

i(s  , t  )

Figure2: Interpolatingparametricsurface.

3.1 Classical Optimization Metho ds

Considera parametricsurface f (s;t) satisfyingsomeinterpolation
constraints

f (si ; ti) = ai ; (1)

Whereai areinterpolationvalueswith correspondingparameterlo-
cations(si ; ti), see�gure 2. The goal is to modify f , suchthat it
minimizessomesmoothnesscriterion, like thin-plateenergy, and
satis�esaboveinterpolationconstraints.Wesearchthisoptimumin
thespacespannedby acertainbasis,for exampleusingB-splines.

In orderto simplify theoptimizationprocess,weusetwo setsof
basisfunctions,F andY, whereF containsonebasisfunctionfor
everyinterpolationconstraintandY providestheremainingdegrees
of freedomusedfor fairing. Onecaneasilyconstructthesebases
suchthat

f (s;t) = å
i:f i2F

ai f i(s;t) + å
k:y k2Y

cky k(s;t);

f i(sj ; t j ) = di j ; and

y k(sj ; t j ) = 0:

(2)

For thefairingprocess,thecoef�cients ck needto bedetermined,
minimizingacertaincriterion.Notethatthecoef�cients ai coincide
with thegiveninterpolationvalues,dueto equation(2). As fairness
criterion,oftenthin-plateenergy is minimized:

Z Z
k fssk2 + 2k fstk

2 + k fttk
2dsdt ! min; (3)

wherefss, fst , and ftt denotesecondpartialderivativesof f .
If thenormto beminimizedis inducedby a scalarproduct,for

example,

< f ;g > TP =
Z Z

fssgss + 2fstgst + fttgtt dsdt; (4)

then the constraints ¶
¶ck

< f ; f > = 0 necessaryfor optimization
providea linearsystemof equations,

å
i:y i2Y

ci < y i ;y k > = � å
i:f i2F

ai < f i ;y k > 8k : y k 2 Y; (5)

in matrixnotation:Ac = b. ThematrixA is positivede�nite andits
rankequalsthenumberof degreesof freedomjY j. Thesolutionof
this systemprovidestheremainingcoef�cients c representingf in
equation(2), minimizing thenorm(3) amongall choicesof c. Op-
timizationmethodsof thiskind areknown asvariationalmodeling,
see[WelchandWitkin 1992;Hagenet al. 1993]. An examplefor
thin-plateenergy minimizationis shown in �gure 1(b).

3.2 Fairing Contours

Now, we considera two-dimensionalscalar�eld f (x;y) boundto
someinterpolationconstraintsf (xi ;yi) = ai , asin equation(1). Se-
lectingacertainisovaluea , wewantto fair thecorrespondingcon-
tour line composedof all points(x;y) satisfying f (x;y) = a . We
note that the following deliberationsalso generalizeto volumes,
wherecontoursaresurfaces.

Supposethat we get hold of a parametricrepresentationof the
contourassociatedwith isovaluea , sayg(s) suchthat

f (g(s)) = a : (6)

Usingthis parametricform, fairing thecontourcanbeachievedby
minimizing its secondderivative,

Z
kg00(s)k2 ds ! min: (7)

In the caseof an arc-lengthparametrization,this is equivalent to
minimizing thevariationns := ¶n

¶s of thecontour's normalvectorn
alongg(s), see�gure 3:

Z
kns(s)k2 ds ! min: (8)
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Figure3: Deviationof g0andn areequalin absolutevalue.

To emphasizeregionsof steepgradientin thefairingprocess,we
replacethe normaln(s) = Ñ f (g(s))

kÑ f (g(s))k by the gradientÑ f in equa-

tion (8). Thevariationof thisgradienthastwo components:n� Ñ2 f
orthogonalto g(s) andkn� Ñ2 f k parallelto g(s). Hence,wehave

k
¶
¶s

Ñ f (g(s))k = kn� Ñ2 f k; (9)

since the derivative g0 has unit length (due to arc-length
parametrization)andis orthogonalto n. Theoptimizationproblem
for asinglecontourg(s) becomes

Z
kn� Ñ2 f k2 ds ! min: (10)

Finally, we eliminate the needfor constructingan arc-length
parametrizationfor every contourg. Sincewe intend fairing all
contoursof thescalar�eld in onesingleprocess,we needto inte-
grateequation(10)with respectto a , which is equivalentto

Z Z
kn� Ñ2 f k2 dx dy ! min: (11)

Unfortunately, bothn andÑ2 f dependonthescalar�eld f , turn-
ing this optimizationprobleminto a non-linearproblemrequiring
an iterative solution. In every iteration of this process,we use
the normalizedgradient�eld n(x;y) of the previous estimatefor
f . With the �x ednormal�eld n = (n1;n2;0)T , our scalarproduct
inducingthenormfor theoptimizationprocessbecomes

< f ;g > n =
Z Z

(n2 fxx � n1 fxy)(n2gxx � n1gxy)

+( n2 fxy � n1 fyy)(n2gxy � n1gyy) dx dy:
(12)

Inserting this norm into equation(5) and solving this systemof
equationsprovidesthenext estimatefor f .

The completeiterative algorithm works as follows: First, we
compute f (0) using thin-plateenergy minimization basedon the
scalarproduct< �; � > TP from equation(4). In order to compute
f (i+ 1) from f (i) , we �rst samplethenormalizedgradient�eld n(i)

from f (i) . Then,we computef (i+ 1) from theoptimizationprocess
using

< f ;g > = (1� w) < f ;g >
n(i) + w < f ;g > TP; (13)

wherew is a small number, say0:01. We addeda small portion
of thin-plateenergy minimization to increasenumericalstability
(notethat our criterion is fairing all contourswhile ignoring what
isovaluesareassociatedwith these). All scalarproductsbetween
basisfunctionsarecomputedby numericalintegration.

4 Local-optimization Algorithm

The methoddevelopedin the previous sectioncan be appliedto
smoothB-splinesurfacesandvolumesproviding additionalmodel-
ing degreescomparedto multilinear interpolation.The remaining
issuesaddressedin thefollowing areconstructingthebasesF and
Y satisfyingequation(2) andlocalizing the fairing processto ob-
tain linearcomputationtime.

Givenarectangulargridwith associatedfunctionvalues,wecon-
siderevery inner vertex with its 8-neighborhoodfor local fairing.
We createfour bicubic patchesinterpolatingthese2 � 2 function
values. Finally, the computedpatchesare blendedinto one sin-
gle,piecewisebicubicrepresentation.Generalizationto volumesis
straightforward.
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Figure4: B-splinesusedfor local fairing.
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Figure5: Every localB-splinesurfaceis de�nedby 25coef�cients
(deBoorpoints)satisfying9 interpolationconstraints.

4.1 Local Fairing

Consideringa 2 � 2-matrix of scalarvaluesai j , we constructan
interpolatingbicubic B-spline surface composedof four bicubic
patches.Thetwo knot vectorsarebothf 0;0;0;0;1;2;2;2;2g, pro-
viding interpolationof the four cornervaluesandC2-continuityat
theinnerpatchboundaries.Thesetof one-dimensionalB-splinesis
illustratedin �gure 4. Figure5 depictsthebivariatecase.

Interpolationof the inner scalarvaluesis obtainedby a simple



s2 [0;1)
j 0(s) = � s3 + 3s2 � 3s + 1
j 1(s) = 2:25s3 � 5:25s2 + 3s
j 2(s) = � 2s3 + 3s2

j 3(s) = 0:75s3 � 0:75s2

j 4(s) = 0
s2 [1;2]
j 0(s) = 0
j 1(s) = � 0:75s3 + 3:75s2 � 6s + 3
j 2(s) = 2s3 � 9s2 + 12s � 4
j 3(s) = � 2:25s3 + 8:25s2 � 9s + 3
j 4(s) = s3 � 3s2 + 3s � 1

Table1: One-dimensionalbasisfunctions.
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Figure 6: Transformed B-splines used for interpolation
(f 0; f 2; f 4) andoptimization(f 1; f 3).

basistransform:

j 0 = N04;

j 1 = N14 � 0:5N24;

j 2 = 2N24;

j 3 = N34 � 0:5N24;

j 4 = N44:

(14)

The coef�cients of the basisfunctionsj i depictedin �gure 6 are
providedin table1. Thereadermayverify thefollowing properties:

j 0(0) = 1; j i(0) = 0; i = 1;2;3;4;

j 2(1) = 1; j i(1) = 0; i = 0;1;3;4;

j 4(2) = 1; j i(2) = 0; i = 0;1;2;3:

(15)

Thebasisfunctionsusedfor theoptimizationprocessaretensor
productsj i j (s;t) = j i(s)j j (t). The set F of interpolatingfunc-
tionsis composedof j i j : i; j 2 f 0;2;4g. Theremainingfunctions
provide degreesof freedomfor the optimizationprocessand are
thuselementsof Y . In the bivariatecase,we obtain jF j = 9 and
jY j = 16. (In thetrivariatecase:jF j = 27andjY j = 98.)

UsingthebasesF andY, theoptimizationprocessdescribedin
section3 is performed. We found that the iterative processcon-
vergesvery fast,suchthattwo or threeiterationsaresuf�cient. Af-
ter computinglocal representationsof the scalar�eld, we needto
blendtheoverlappingB-splinepatchesinto aglobalrepresentation.

4.2 Merging Surface Components

For merging the B-spline surfaceslocatedaroundthe inner grid
points,we transformeverysurfaceinto 2� 2 Bézierpatches.Start-

ing with thesurfacerepresentation

h(s;t) =
4

å
i= 0

4

å
j= 0

ci j j i(s)j j (t); (16)

thebasistransformprovidesa7� 7-matrixof Bézierpointsde�ning
thefour patches.

Consideringonly onerow (column)of coef�cients ci , therepre-
sentation

4

å
i= 0

ci j i(s); s2 [0;2] (17)

is transformedinto two cubicBéziersegments

3

å
i= 0

biB
3
i (s); s2 [0;1) and

3

å
i= 0

bi+ 3B3
i (s� 1); s2 [1;2];

(18)

whereB3
i aretheBernsteinpolynomials.
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Figure7: Relationbetweencoef�cients ci , deBoor pointsdi , and
Bézierpointsbi .

The relation to the coef�cients ci , the correspondingde Boor
points di , and the Bézier points bi is shown in �gure 7. The
two Bézier segmentscomposedof the points b0;b1;b2;b3 and
b3;b4;b5;b6, areobtainedby

b0 = c0;

b1 = c1;

b2 = c2 + 0:25c1 � 0:25c3;

b3 = c2;

b4 = c2 � 0:25c1 + 0:25c3;

b5 = c3;

b6 = c4:

(19)

This one-dimensionaltransformis appliedto therows andthento
thecolumnsproviding theBézierpointsof thefour patches.

For every innergrid cell, wehave four Bézierpatchescomputed
from the local fairing aroundeachof thefour cornerpoints. From
thefairingprocessaroundagrid point p, wekeeponly thoseBézier
points that arecloserto p than to any other inner grid point, see
�gure 8.

The�nal representationof thescalar�eld is now C1-continuous,
sinceonly the �rst partial derivativesarecontinuousacrosspatch
boundaries.C2-continuity is approximated,sincewe merge mul-
tiple overlappingB-splinesurfaces.We notethata B-splinerepre-
sentationof the�nal scalar�eld usingdoubleknotsismorememory
ef�cient thantheBézierrepresentation.



Figure8: Grid with 6 � 5 interpolationpointsand5 � 4 Bézier
patches.The shadedregionsindicatewhich Bézierpointsarede-
terminedby eachB-splinesurface.

If a multilinearrepresentationis preferred,our algorithmcanbe
usedto increasethe resolutionin regionsof high geometriccom-
plexity. The smoothscalar�eld representationis thensampledat
a �ner resolutionwith respectto the initial data.Hierarchicalrep-
resentationscanbestoredin a quadtree(octree),see[Westermann
et al. 1999]. We note that a re�ned representationwill not carry
moregeometricdetail thanprovidedby thedataat its initial reso-
lution. Our objective is removing geometricdetailwhich is dueto
interpolationartefacts.

5 Numerical Examples

The examplesin �gures 1, 9, and 10 were computedon a PC
equippedwith a1466MHz AMD Athlon Processor. Thecomputa-
tion timesfor fairinga7� 7 anda10� 10datasetaresummarized
in table2. Theseexamplesshow thatthealgorithmis still timecon-
suming,despiteof its lineartimecomplexity. Hence,it maybeused
in apreprocessingstepfor datapreparation.Ouralgorithmis easily
implementedin parallel.

no. vertices 49 (25) 100(64)
thin-plate 1.16 2.96

oneiteration 2.60 6.72

Table2: Computationtimesin secondsfor thin-plateenergy mini-
mizationandfor oneiterationof thefairing process.Notethat the
numberof inner vertices(in brackets) determinesthe numberof
local surfacesto becomputed.

Thelocal fairingexamplesin �gure 9 suggestafastconvergence
rate. The global examplesin �gures 1 and10 show the improved
contourswith respectto thebilinearinterpolant.In particular, diag-
onalfeaturesarebetterrepresentedafterfairing.

6 Conclusions and Future Work

We presenteda new variationalmodelingmethodfor fairing con-
tours of scalar�elds. Despiteof linear time complexity, our al-
gorithm is computationallyexpensive. However, it is easily im-
plementedin parallelfor processinglargedatasets.We have pre-
sentedbivariateexamplesfor our technique,but we have not yet
exploredits behavior in trivariateapplications.We expectthat the
proposedtechniquewill signi�cantly improve volumerenderingof

poorly sampleddata,eliminatingartefactsdueto trilinear interpo-
lation.
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Figure9: Iterative fairing for two differentlocal situations.(a) Initial thin-plateminimization; (b) �rst iteration; (c) seconditeration; (d)
resultafterteniterations.
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Figure10: Circlesampledby 10� 10points.(a)Bilinearcontours;(b) fair contoursaftertwo iterations.


